We propose new iterative schemes for finding the common element of the set of common fixed points of countable family of nonexpansive mappings, the set of solutions of the variational inequality problem for relaxed cocoercive and Lipschitz continuous, the set of solutions of system of variational inclusions problem, and the set of solutions of equilibrium problems in a real Hilbert space by using the viscosity approximation method. We prove strong convergence theorem under some parameters. The results in this paper unify and generalize some well-known results in the literature.
Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping S of C into itself is called nonexpansive if Sx − Sy ≤ x − y for all x, y ∈ C. We denote by F S the set of fixed points of S; that is, F S {x ∈ C : Sx x}. If C ⊂ H is nonempty, closed and convex and let S : C → C be a nonexpansive mapping, then F S is closed and convex and F S / ∅, when C is bounded; see, for example, 1, 2 . The metric projection, P C , onto a given nonempty, closed and convex subset C, satisfies the nonexpansive with If M ∂ψ C , where C is a nonempty closed convex subset of H and ∂ψ C : H → 0, ∞ is the indicator function of C; that is,
then, the variational inclusion problem 1.3 is equivalent to the variational inequality problems denoted by VI C, B which is to find x ∈ C such that B x, y − x ≥ 0, ∀y ∈ C.
1.5
In 2003, Takahashi and Toyoda 3 to find x * ∈ F S ∩VI C, B introduced the following iterative scheme:
x 0 ∈ C chosen arbitrary, x n 1 α n x n 1 − α n SP C x n − ξ n Bx n , ∀n ≥ 0, 1.6 where B is a β-inverse-strongly monotone mapping, {α n } is a sequence in 0, 1 , and {ξ n } is a sequence in 0, 2β . They showed that if F S ∩ VI C, B is nonempty, then the sequence {x n } generated by 1.6 converges weakly to some x * ∈ F S ∩ VI C, B . In 2008, Zhang et al. 4 to find x * ∈ F S ∩ I M, B . They introduced the following new iterative scheme:
is called the resolvent of F see 5, 6 . It is shown in 6 that, under suitable hypotheses on F to be stated precisely in Section 2 , T r : H → C is single valued and firmly nonexpansive and satisfies
Using this result, for finding an element of F S ∩ VI C, B ∩ EP F , Su et al. 15 introduced the following iterative scheme by the viscosity approximation method in Hilbert spaces:
x 0 ∈ C chosen arbitrary,
where f : C → C is a contraction i.e., f x − f y ≤ ψ x − y , for all x, y ∈ C and 0 ≤ ψ < 1 and {α n } ⊂ 0, 1 , ξ n ⊂ 0, 2β , and r n ⊂ 0, ∞ satisfy some appropriate conditions. Furthermore, they prove {x n } converges strongly to the same point x * ∈ F S ∩ VI C, B ∩ EP F , where x * P F S ∩VI C,B ∩EP F f x * . In this paper, motivated and inspired by the above facts, we introduce a new iterative scheme for finding a common element of the set of solutions of the variational inequalities for μ-Lipschitz continuous and relaxed φ, ω -cocoercive mapping, the set of solutions to the variational inclusion for family of α-inverse strongly monotone mappings, the set of fixed points of a countable family of nonexpansive mappings, and the set of solutions of an equilibrium problem in a real Hilbert space by using the viscosity approximation method. Strong convergence results are derived under suitable conditions in a real Hilbert space.
Preliminaries
In this section, we will recall some basic notations and collect some conclusions that will be used in the next section.
Let H be a real Hilbert space whose inner product and norm are denoted by ·, · and · , respectively. We denote strong convergence of {x n } to x ∈ H by x n → x and 
Lemma 2.7 see 20 . Assume {a n } is a sequence of nonnegative real numbers such that
where {b n } is a sequence in 0, 1 and {δ n } is a sequence in R such that
Then lim n → ∞ a n 0.
Lemma 2.8. Let H be a real Hilbert space. Then hold the following identities:
Lemma 2.9 see 21 . Let C be a nonempty closed subset of a Banach space, and let {S n } be a sequence of mappings of C into itself. Suppose that ∞ n 1 sup{ S n 1 z − S n z : z ∈ C} < ∞. Then, for each y ∈ C, {S n y} converges strongly to some point of C. Moreover, let S be a mapping of C into itself defined by
For solving the equilibrium problem for a bifunction F : C × C → R, let us assume that F satisfies the following conditions:
A3 for each x, y, z ∈ C, lim t↓0 F tz 1 − t x, y ≤ F x, y ; A4 for each x ∈ C, y → F x, y is convex and lower semicontinuous. 
for all x ∈ H. Then, the following hold:
ii T r is firmly nonexpansive; that is, for any 
where
Main Results
In this section, we will use the viscosity approximation method to prove a strong convergence theorem for finding a common element of the set of fixed points of a countable family of nonexpansive mappings, the set of solutions of the variational inequality problem for relaxed cocoercive and Lipschitz continuous mappings, the set of solutions of system of variational inclusions, and the set of solutions of equilibrium problem in a real Hilbert space.
Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, and let B : C → H be relaxed φ, ω -cocoercive and μ-Lipschitz continuous with
ω > φμ 2 , for some φ, ω, μ > 0. Let G {G k : k 1, 2, 3, . .
. , N} be a finite family of β-inverse strongly monotone mappings from C into H, and let F be a bifunction from C × C → R satisfying (A1)-(A4).
Let f : C → C be a contraction with coefficient ψ 0 ≤ ψ < 1 , and let {S n } be a sequence of nonexpansive mappings of C into itself such that
Let the sequences {x n } and {y n } be generated by
x n 1 α n f x n β n x n γ n S n P C y n − ξ n By n , ∀n ≥ 1,
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where {α n }, {β n }, {γ n } ⊂ 0, 1 and {ξ n }, {r n } ⊂ 0, ∞ satisfy the following conditions:
mapping of C into itself defined by Sy
lim n → ∞ S n y for all y ∈ C and suppose that F S ∞ n 1 F S n . Then, the sequences {x n } and {y n } converge strongly to the same point x * ∈ Ω, where
Proof. First, we prove that the mapping P Ω f : H → C has a unique fixed point. In fact, since f : C → C is a contraction with ψ ∈ 0, 1 and P Ω f : H → Ω is also a contraction, we obtain
3.3
Therefore, there exists a unique element x * ∈ C such that x * P Ω f x * , where
Now, we prove that I − ξ n B is nonexpansive. Indeed, for any x, y ∈ C, since B : C → H is a μ-Lipschitz continuous and relaxed φ, ω -cocoercive mappings with ω > φμ 2 and ξ n ≤ 2 ω − φμ 2 /μ 2 , we obtain
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which implies that
Hence I − ξ n B is nonexpansive. We divide the proof of Theorem 3.1 into five steps.
Step 1. We show that the sequence {x n } is bounded. Now, let x ∈ Ω and if {T r n } is a sequence of mappings defined as in Lemma 2.11, then x P C x − λ n B x T r n x, and let u n T r n x n . So, we have
For k ∈ {1, 2, . . . , N} and for any positive integer number n, we define the operator Υ k n : C → H as follows: 
Setting v n P C y n − ξ n By n and I − ξ n B is a nonexpansive mapping, we obtain
3.12
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3.13
It follows from induction that
3.14 Therefore, {x n } is bounded and hence so are {v n }, {y n }, {u n }, {By n }, and {S n v n }.
Step 2. We claim that lim n → ∞ x n 1 − x n 0. By the definition of T r , u n T r n x n and u n 1 T r n 1 x n 1 , we get F u n , y 1 r n y − u n , u n − x n ≥ 0, ∀y ∈ H, 3.15
Taking y u n 1 in 3.15 and y u n in 3.16 , we have
and hence
So, from A2 we have
Without loss of generality, let us assume that there exists a real number c such that r n > c > 0 for all n ∈ N. Then, we have
3.22
where M 1 sup{ u n − x n : n ∈ N}. Notice from Lemma 2.12 that
where M 2 is an appropriate constant such that
3.24
Since I − ξ n B is nonexpansive mappings, we have the following estimates:
v n 1 − v n ≤ P C y n 1 − ξ n 1 By n 1 − P C y n − ξ n By n ≤ y n 1 − ξ n 1 By n 1 − y n − ξ n By n y n 1 − ξ n 1 By n 1 − y n − ξ n 1 By n ξ n − ξ n 1 By n ≤ y n 1 − ξ n 1 By n 1 − y n − ξ n 1 By n |ξ n − ξ n 1 | By n I − ξ n 1 B y n 1 − I − ξ n 1 B y n |ξ n − ξ n 1 | By n ≤ y n 1 − y n |ξ n − ξ n 1 | By n .
3.25
Substituting 3.23 into 3.25 , we obtain
3.26
Indeed, define x n 1 1 − β n z n β n x n for all n ∈ N. It follows that
Thus, we have
3.28
Now, compute
12
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3.30
It follows that
3.31
This together with conditions C1 -C6 and lim n → ∞ sup{ S n 1 z − S n z : z ∈ {v n }} 0 implies that lim sup
Hence, by Lemma 2.6, we obtain z n − x n → 0 as n → ∞. It then follows that
By 3.26 , we also have
Step 3. We claim that lim n → ∞ Sv n − v n 0. Since {G k : k 1, 2, 3, . . . , N} is β-inverse strongly monotone mappings, by the choice of {λ k,n } for given x ∈ Ω and k ∈ {0, 1, 2, . . . , N − 1}, we also have
3.35
Form 3.13 , we have
3.36
14
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By condition C2 , 3.33 , and lim inf n → ∞ γ n > 0, we obtain
From Lemma 2.3 2 and as I − λ k 1,n G k 1 is nonexpansive, we have
which yields that
3.40
Substituting 3.40 into 3.36 , we obtain
3.42
By condition C2 , 3.33 , 3.38 , and lim inf n → ∞ γ n > 0, we obtain
For x ∈ Ω, we obtain
3.44
On the other hand, we have
16
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3.46
It now follows from the last inequality, conditions C2 , 3.33 , and lim inf n → ∞ γ n > 0 that
Since P C is firmly nonexpansive, we have
3.48
Substituting 3.49 into 3.45 , we obtain 
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x n 1 α n f x n β n x n γ n n k 1 δ k n T k P C y n − ξ n By n , ∀n ≥ 1,
3.96
C1 α n β n γ n 1, C2 lim n → ∞ α n 0, Then, the sequences {x n } and {y n } converge strongly to the same point x * ∈ Ω, where x * P Ω f x * .
In Theorem 3.1, taking N 1 and S n S, then we have the following corollary. 
3.97
Let the sequences {x n } and {y n } be generated by x 1 x ∈ C chosen arbitrarily, F u n , y 1 r n y − u n , u n − x n ≥ 0, ∀y ∈ C, y n J M,λ n I − λ n G u n ,
x n 1 α n f x n β n x n γ n SP C y n − ξ n By n , ∀n ≥ 1,
3.98
where {α n }, {β n },{γ n } ⊂ 0, 1 and {ξ n }, {r n } ⊂ 0, ∞ satisfy the following conditions:
